Abstract. The method of solving the Bethe-Salpeter equation in Minkowski space, developed previously for spinless particles [1] , is extended to a system of two fermions. The method is based on the Nakanishi integral representation of the amplitude and on projecting the equation on the light-front plane. The singularities in the projected two-fermion kernel are regularized without modifying the original BS amplitudes. The numerical solutions for the J = 0 bound state with the scalar, pseudoscalar and massless vector exchange kernels are found. The stability of the scalar and positronium states without vertex form factor is discussed. Binding energies are in close agreement with the Euclidean results. Corresponding amplitudes in Minkowski space are obtained.
Introduction
Bethe-Salpeter (BS) equation for a relativistic bound system was initially formulated in the Minkowski space [2] . It determines the binding energy and the BS amplitude. However, in practice, finding the solution in Minkowski space is made difficult due its singular behaviour. The singularities are integrable, but the standard approaches for solving integral equation fail. To circumvent this problem the BS equation is usually transformed, by means of the Wick rotation, into Euclidean momentum space. The binding energy provided by the Euclidean BS equation is the same than the Minkowski one. For computing the binding energy it is enough to solve the Euclidean BS equation in the rest frame p = 0. While the rest frame solution is not enough to obtain the electromagnetic form factors, since the initial and final states cannot be simultaneously at rest. Contrary to the Minkowski amplitude, the dependence on the total momentum p of the Euclidean amplitude is not given by a standard boost, but must be found numerically by solving the Euclidean BS equation for non-zero p. This requires the rather complicated calculations which were performed in [3, 4] . Within this approach, the hadronic form factors have been calculated, albeit with the aid of additional assumptions.
However, the knowledge of the Euclidean amplitude in a moving system is still not sufficient to calculate some observables, e.g. electromagnetic form factors. The integral providing the form factors contains singularities which are different from those appearing in the BS equation. Their existence invalidates the Wick rotation, to the zero component k 0 , in the form factor integral [5] and prevents from obtaining the exact form factors in terms of the Euclidean BS amplitude alone. To avoid this problem, the knowledge of the BS amplitude in Minkowski space is mandatory. Thus, fifty years after its formulation, finding the BS solutions in the Minkowski space is still a field of active research. These solutions would pave the way to numerous applications going from the hadronic electromagnetic form factors of mesons to the deuteron electrodisintegration amplitudes.
Some attempts have been recently made to obtain the Minkowski BS amplitudes. The approach proposed in [6] is based on the integral representation of the amplitudes and solutions have been obtained for the ladder scalar case [6, 7, 8] as well as, under some simplifying ansatz, for the fermionic one [9] . Another approach [10] relies on a separable approximation of the kernel which leads to analytic solutions. Recent applications to the np system can be found in [11] .
In a previous work [1] we have proposed a new method to find the BS amplitude in Minkowski space and applied it to the system of two spinless particles.
Our approach consists of two steps. In the first one, the BS amplitude is expressed via the Nakanishi integral representation [12, 13] :
Notice that in this representation, the dependence on the two scalar arguments k 2 and p·k of the BS amplitude is made explicit by the integrand denominator and that the weight Nakanishi function g(γ, z) is non-singular . By inserting the amplitude (1) into the BS equation on finds an integral equation, still singular, for g.
In the second step, we apply to both sides of BS equation an integral transform -light-front projection [1] which eliminates singularities of the BS amplitude. It consists in replacing k → k + ω ω·p β where ω is a light-cone four-vector ω 2 = 0, and integrating over β in infinite limits. We obtain in this way, an equation for the non-singular g(γ, z). After solving it and substituting the solution in eq.
(1), the BS amplitude in Minkowski space can be easily computed.
As a first application we have considered the spinless case with ladder kernel [1] . The binding energies were compared with the direct solution in the Euclidean space and found to agree each other with high accuracy. By inserting the computed weight function g in (1) and setting k 0 = ik 4 the result was found to coincide with the corresponding Euclidean BS amplitude, found independently. The method has been also successfully applied to the cross-ladder kernel [14] and to compute the electromagnetic form factors [5] .
The main difference between our approach and those followed in [6, 7, 8, 9] is the use of the light-front projection. This eliminates the singularities related to the BS Minkowski amplitudes. The method is valid for any kernel given by the irreducible Feynman graphs.
We present in this paper the extension of our preceding work [1] to the two fermion system. In this case the Nakanishi function g is replaced by a set of n functions g i , satisfying a system of coupled integral equations, with n depending on the total angular momentum of the state (e.g. n=4 for J = 0, n=8 for J = 1). We will see that the direct application to the fermionic kernels of the method used in the spinless case, is however marred with some numerical difficulties. Although they could be overcome by a proper treatment of the singularities, in this work we propose an alternative method allowing to solve the BS equation for two fermions in Minkowski space with the same degree of accuracy than for the scalar case. The numerical applications will be limited to the J π = 0 + state.
The system of equations for the Nakanishi weight functions g i is derived in sect. 2 starting from the original BS equation. In sect. 3 we develop a regularization procedure for fermionic kernels. Numerical results for the scalar, pseudoscalar and massless vector exchange couplings are presented in sect. 4. Section 5 contains concluding remarks. Some details of the calculations are given in the appendices A, B and C.
Derivation of equation
The BS equation for the two fermions vertex function Γ reads:
where C = γ 2 γ 0 is the charge conjugation matrix, S is the fermion propagator
iK is the interaction kernel and Γ α the fermion-meson vertex. We denote by Γ t α its transposed andk = k ν γ ν . The charge conjugation matrix C appears here since we construct the vertex function with two fermions in the final state.
We have considered the following fermion (Ψ, m) -meson (φ, µ) interaction Lagrangians:
(i) Scalar coupling
for which
for which Γ α = −gγ 5 .
(ii) Massless vector exchange
with Γ α = igγ µ and Π µν = −ig µν /q 2 as vector propagator.
Each interaction vertex has been regularized with a vertex form factor
and we have chosen F in the form:
The BS amplitude Φ is defined in terms of the vertex function Γ by:
Notice that we work with "unamputated" BS amplitude, which includes the external propagators S(k 1 ), S(−k 2 ).
Let us first consider the case of the scalar coupling and the corresponding ladder kernel
The BS equation for the amplitude Φ reads:
In the case of J π = 0 + state, the BS amplitude has the following general form:
where S i are independent spin structures (4 × 4 matrices) and φ i are scalar functions of k 2 and p·k. The choice of S i is to some extent arbitrary. To benefit from useful orthogonality properties we have taken
The antisymmetry of the amplitude (8) with respect to the permutation 1 ↔ 2 implies for the scalar functions:
A decomposition similar to (8) was used in [9] to solve the BS equation for a quark-antiquark system but the solution was approximated keeping only the first term S 1 φ 1 .
Substituting (8) in eq. (7), multiplying it by S i and taking traces we get the following system of equations for the invariant functions φ i :
For scalar and pseudoscalar couplings, the coefficients c ij are given by: 11) where (3) and (4) . For the fermion-fermon vector massless coupling, the c ij coefficients are also given by eq. (11) with the replacement Γ 1 → gγ ν andΓ 2 → −gγ ν which must be contracted. For the positronium case (fermion-antifermion), they are multiplied by an extra factor −1.
The explicit expression of c ij for a J π = 0 + state and the scalar coupling (3) are
The coefficients c ij for the pseudoscalar exchange (4) are simply obtained by changing the sign of the j = 1 and j = 4 matrix elements in the scalar ones:
For the massless vector exchange (5) the coefficients are given by
The equation (10) is the Minkowski space BS equation for two fermions we aim to solve. As in the scalar case, the BS amplitudes φ i are singular and a direct solution of (10) is not suitable even for the simplest kernels.
To overcome this difficulty, the first idea is to represent each of the BS components φ i (k, p) by means of the Nakanishi integral
and apply the light-front projection to the set of coupled equations for the corresponding weight functions g i (γ, z).
As mentioned in the Introduction, this projection, which is an essential ingredient of our previous works [1, 14] , consists in replacing k → k + ω ω·p β in eq. (10) and integrating over β in all the real domain. This integration is quite similar to the case of the spinless particles explained in detail in [1] .
We obtain in this way a set of coupled two-dimensional integral equations which can be written in the general form valid for all types of couplings and states: (15) where
The left hand side of (15) is the same for all the amplitudes and coincides with the scalar case [1] .
The interaction kernel V ij can be written in the form
and
We use here α = g 2 4π , whereas the denominator
is the same than in our previous work [1] . The function
contains the dependence on the vertex form factor parameter Λ with lim
The matrix coefficients C ij couple the different spin components. They are given in appendix A for the J π = 0 + states. Notice that setting C ij = δ ij and Z Λ = 1 the set of eqs. (15) decouples and each of them is identical to the spinless case one given in [1] .
It turns out that, in contrast to the scalar case, most of the kernel matrix elements V ij are discontinuous at z ′ = z. In some cases -like e.g. V 14 displayed in fig. 1 -the value of the discontinuity, although being finite at fixed value of z, diverges when z → ±1. This creates some numerical difficulties when computing the solutions g i (γ, z) in the vicinity of z = ±1. They can be in principle solved by properly taking into account the particular type of divergence. However the latter may depend on the particular matrix element, on the type of coupling, the quantum number of the state and other details of the calculation. We propose in next section an alternative, and efficient way to overcome this difficulty. 
Regularized kernels
To deal with more regular kernels, the original BS equation (10) is first multiplied on both sides of by the factor
This factor has the form of a product of two scalar propagators with mass L. It plays the role of form factor suppressing the high off-mass shell values of the constituent four-momenta k 
Since η(k, p) = 0, the equation thus obtained is strictly equivalent to (10). We will see however that, due to the presence of the η factor, the light front projection modifies the resulting kernels which become less singular functions. The technical details of the light-front projection are similar to those given in ref. [1] . The differences, due to the factor η(k, p), are explained in Appendix B. The new set of equations has the following form:
The kernels V g and V d ij depend now on the parameter L. Closer is L to m, smoother is the kernel and more stable are the numerical solutions. However the weight functions g i (γ, z) as well as binding energies provided by (21) are independent of L.
Notice that, in contrast to (15) , the left hand side of eq. (21) is also a two-dimensional integral. The corresponding kernel V g is the same for all the components and has the form:
with
To avoid spurious singularities in (23) due to the η factor (19), L 2 must be larger than 
ij is represented as a sum of two terms:
which can be written in the same form than (18)
For the first term (ν = a) one has
where Z Λ , C ij and D are the same than in eq. (18) .
For the second term (ν = b) one has
with the coefficients C b ij given in Appendix C. (16) . Furthermore the peak at z ′ = z in the left kernel V g displayed in fig. 2 tends to a delta function δ(z ′ − z) with a coefficient which reproduces the left-hand side of eq. (15) .
For a finite value of L, both systems of equations are also strictly equivalent to each other but the z ′ -dependence of the regularized kernels is much more smooth and therefore better adapted for obtaining accurate numerical solutions. In fig. 3 we plotted the regularized kernel V fig. 1 , where it was calculated without the η(k, p) factor. As one can see, the kernel is now a continuous function of z ′ . A discontinuity of the first derivative however remains at z ′ = z. Some additional remarks concerning the regularization procedure presented in this section are in order:
(i) The most singular kernel is V 23 . It is the only matrix element that after regularization by means of the η(k, p) factor remains discontinuous at z ′ = z . The degree of the discontinuity in the limit z → ±1 is however reduced and does no longer spoil the numerical accuracy.
(ii) This procedure can be improved by choosing for η(k, p) a more strongly decreasing function of the arguments
would reduce the degree of singularity of the remaining singular matrix elements in the limit z → ±1. We have not found any need for that in the present calculations.
(iii) We would like to emphasize again that despite the fact that the non-regularized and regularized kernels are very different from each other (compare e.g. the figs. 1 and 3) and that the regularized ones strongly depends on the value of L, they provide -up to numerical errors -the same binding energies and weight functions g i (γ, z). We construct in this way a family of equivalent kernels.
Numerical results
The solutions of eq. (21) have been obtained using the same techniques than in ref [1] , i. e. spline expansion of the Nakanishi weight functions 
As in the scalar case, the discretized left hand side kernel N has very small eigenvalues which make difficult the solution using standard methods. This is avoided by adding a small constant term of the form
where I is the identity operator in the spline basis. The error in the eigenvalues thus induced is of the order of ǫ R and we have taken ǫ R = 10 −6 . We have computed the binding energies, defined as B = 2m − M , and BS amplitudes, for the J = 0 + two fermion system interacting with massive scalar (S) and pseudoscalar (PS) exchange kernels and for the fermionantifermion system interacting with massless vector exchange in Feynman gauge. In the limit of an infinite vertex form factor parameter Λ → ∞, the later case would correspond to positronium with an arbitrary value of the coupling constant. All the results presented in this section are given in the constituent mass units (m = 1) and with L = 1.1.
The binding energies obtained with the form factor parameter Λ = 2 are given in table 1. For the scalar and pseudoscalar cases, we present the results for µ = 0.15 and µ = 0.50 boson masses. They have been compared to those obtained in a previous calculation in Euclidean space [15, 16] using a slightly different form factor. Notice, that contrary to what is written in eq. (16) of [15] -which coincides with our form factor (6) -the vertex form factor used in these calculations is [16] Once taken into account this correction, our scalar results are in full agreement (four digits) with [15, 16] . The pseudoscalar ones show small discrepancies (≈ 0.5%). We have also computed [17] the binding energies by directly solving the fermion BS equation the Euclidean space using a method independent of the one used in [15] . Our Euclidean results are in full agreement with those given in the table 1. The B(g 2 ) dependence for the scalar and pseudoscalar couplings is plotted in figs. 4 and 5. Notice the different g 2 scales of both dependences. The pseudoscalar binding energies are fast increasing functions of g 2 and thus more sensitive to the accuracy of numerical methods. This sharp behaviour was also exhibit when solving the corresponding Light-Front equation [18] .
It is worth noticing that the stability properties of the BS J π = 0 + solutions for the scalar coupling are very similar to the Light-Front ones. In the latter case, we have shown [19, 20] the existence of a critical coupling constant g c below which the system is stable without vertex form factor while for g > g c , the system "collapses", i.e. the spectrum is unbounded from below. The numerical value was found to be α c = 3.72 [20] , which corresponds to g c = 6.84. Performing the same analysis than in our previous work -eq. (71) from [20] -we found that for BS equation the critical coupling constant is g c = 2π, in agreement with [15] . The 10% difference between the numerical values of g c is apparently due to the different contents of the intermediate states in the two approaches. The ladder BS equation incorporates effectively the so-called stretchboxes diagrams which are not taken into account in the ladder LF results.
The positronium case deserves some comments. First we would like to notice that in our formalism, the singularity of the Coulomb-like kernels in terms of the momentum transfer 1/(k − k ′ ) 2 is absent. This is a combined consequence of the Nakanishi transform (1) -which allows to integrate over k ′ analytically in the right hand side of the BS equation (10) -and of the consecutive light front projection integral. After this integration, the Coulomb singularity does not anymore manifest itself in the kernel. This can be explicitly seen in the kernel of the Wick-Cutkosky model obtained in eq. (22) of our previous work [1] .
A second remark concerns the Λ dependence of the positronium results. Using the methods developed in [19, 20] we found that in the BS approach with ladder kernel there also exists a critical value of the coupling constant g c = π. Note that, as in the scalar coupling, the very existence and the value of this critical coupling constant is independent on the constituent (m) and exchange µ masses but depends on the quantum number of the state. Table 2 . Coupling constant g 2 as a function of binding energy B for the positronium J = 0 state in BS equation in the region of stability without vertex form factor (Λ → ∞), i.e. g < π.
They are compared to the non relativistic results. The inclusion of the form form factor has a repulsive effect, i.e. for a fixed value of the coupling constant it provides a binding energy of the system which is smaller than in the Λ → ∞ limit (no cut-off). This is also illustrated in fig. 7 where we have plotted the Λ dependence of g 2 for two different energies. One can see that the value of the coupling constant to produce a bound state is a decreasing function of Λ. The size of the effect depends strongly on the binding energy but for both energies the asymptotics is reached at Λ ≈ 20. This behaviour is understandable in terms of regularizing the short range singularity of −1/r 2 interactions.
Finally we present some examples of the Nakanishi weigh functions g i (γ, z). They correspond to a B = 0.1 state with the scalar coupling and the same parameters Λ = 2, µ = 0.50 than in table 1. They are displayed in fig. 8 . In the upper figure is shown the γ-dependence for a fixed value of z and in the lower figure the z-dependence for a fixed γ. Notice the regular behaviour of these functions as well as their well defined parity with respect to z -g 1,2,4 are even and g 3 is odd -consequence of relations (9) . As in the scalar case the ǫ R -dependence of g i is more important than for the binding energy.
Corresponding BS amplitudes φ i are displayed in fig.  9 . Their computation by directly applying equation (14) is not very suitable due to the zeroes of the integrand denominator. We have preferred to compute φ i by first factorizing the pole singularities in the right hand side of eq. (10)
and computingΓ a which is a regular function of k. By inserting the Nakanishi transform (14) in the expression forΓ a , the integral over k ′ in (10) can be performed analytically and obtains the form
where I aa ′ is a more appropriate function for computation purposes.
The upper figure 9 represents the k 0 dependence of φ i for a fixed value of | k |= 0.2. They exhibit a singular behaviour which corresponds to the pole of free prop-
The lower figure represents the | k | dependence of the amplitudes φ i for a fixed value k 0 = 0.04. For this choice of arguments, the amplitudes are smooth functions of | k |, though they will be also singular for k 0 > B 2 = 0.05. Notice that all the infinities in the BS amplitudes φ i come from the free propagator. HoweverΓ a , although being smooth, has its own non-analytical points. For instance it obtains an imaginary part for (
Conclusions
We present a new method for obtaining the solutions of the Bethe-Salpeter equation in Minkowski space for the two-fermion system. It is based on a Nakanishi integral representation of the amplitude and Light-Front projection and constitutes a natural extension our previous work for the scalar case [1] . A straightforward generalization of this approach, however results into a singular fermionic kernel. In order to smooth this singularities, a proper regularization of the kernels has been proposed. This generates a family of strictly equivalent equations depending on one parameter L. Their solution gives the same binding energies and Nakanishi weight functions g i (γ, z) .
The binding energies for the scalar and pseudoscalar exchange kernels and for massless vector exchange (positronium) are found. They coincide with the ones found via Euclidean space solution, thus providing a validity test of our method. The solutions for the scalar and positronium states without vertex form factor (Λ → ∞) are found to be stable below some critical value g c of the coupling constant, respectively g c = 2π (scalar) and g c = π (positronium).
The BS amplitudes are obtained in terms of the computed Nakanishi weight functions. The exhibit a singular behaviour due, on one hand, to the poles of the free propagators and, on the other hand, to non analytic branch cuts which are responsible for the appearance of an imaginary part. An alternative approach to avoid the singularities of the Minkowski amplitude would be to solve the BS equation in the Euclidean space in terms of the Nakanishi weight functions. Once solved, we can again restore the Minkowski BS amplitude by the integral (1). These different methods should provide the same solutions although with different precision and stability. The results of this study will be published in a future paper [17] .
A The coefficients C ij
The spin-coupling matrix elements C ij (γ, z; v) in eq. (18) determining the kernel of the equation (15) , and also the kernel (25) at ν = a, for the J = 0 state and scalar coupling are: with
and C a ij = C ij given in Appendix A. The relations with the pseudoscalar and massless vector exchange are also given by (12) and (13) respectively.
